The large deformation of an elastic axisymmetric membrane in adhesive contact with a rigid flat punch is studied. Detachment of membrane is analyzed using a critical energy release rate criterion. Two types of incompressible hyperelastic material models are considered: neo-Hookean and a class of materials whose elastic energy density functions are independent of the trace of the Cauchy-Green tensor (I 2 -based material). We also include pre-stretch in our formulation and study the stability of detachment process. Closed form analytical solutions for the membrane stresses, deformed profiles and energy release rate are obtained in the regime of large longitudinal stretch. For the I 2 -based material, we discover an interesting ''pinching'' instability where the contact angle suddenly increases in a displacement controlled test. The region of validity of our analytical solutions is determined by comparing them with numerical solutions of the governing equations. We found that the accuracy of our solution improves with pre-stretch; for pre-stretch ratios greater than 1.3, our analytical solution also works well in the small deformation regime.
Introduction
The adhesion of thin films is important in many engineering applications. For example, low adhesion may cause delamination of protective coatings and thus affect product reliability; as a result, peel tests or blister tests were usually used to characterize adhesion of flexible thin coatings (Kendall, 1971; Williams, 1997) . Adhesion of bacteria to submerged surfaces leads to the formation of biofilms and causes biofouling (Tsang et al., 2006) . The cell wall of bacterium can also be regarded as an elastic film (Lan et al., 2007) ; understanding its adhesion to surfaces is essential in solving many environmental and biological problems. Recently, thin-film based contact tests have been developed to enhance the sensitivity of adhesion measurement (Shanahan, 1995 (Shanahan, , 1997 (Shanahan, , 2000 Wan, 2001; Flory et al., 2007) . Such systems have much larger mechanical compliance than the popular Johnson-KendallRoberts test (Johnson et al., 1971) and thus are more sensitive to the interfacial adhesion.
Many works have been devoted to the study of adhesive contact mechanics of thin film (Shanahan, 2000; Wan, 2001; Wan and Dillard, 2003; Plaut et al., 2003; Jin, 2009; Plaut, 2009) . In these works, the thin film was modeled as a plate with bending deformation (e.g. Section 2 of Plaut et al., 2003; Ju et al., 2005) , a membrane with stretching deformation (e.g. Wan, 2001; Wan and Dillard, 2003; Jin, 2009; Plaut, 2009) or a combination of both deformation modes (e.g. Wan, 2002; Wan and Duan, 2002) . Adhesion was modeled either using Griffith's critical energy release rate criterion or by imposing an adhesive traction between the contacting surfaces. The energetic approach yields the same result as the adhesive traction approach as long as the adhesive traction is confined to a very small region near the contact edge (Wan and Julien, 2009) . These works constitute a library of models to describe thin film adhesion under different geometrical assumptions. Of particular relevance to this work are the studies by Wan (2001) and Wan and Dillard (2003) . Wan (2001) analyzed the detachment of an axisymmetric elastic membrane of radius R from a rigid flat surface (see Fig. 1 ) and showed that detachment proceeds stably until the contact radius shrinks to a critical value a c = 0.19R when a sudden ''pull-off'' instability occurs. In a later work, Wan and Dillard (2003) showed that pre-stretch increases the critical contact radius at ''pull-off''. They showed that the critical radius required for ''pull-off'' instability increases from 0.19R and saturates to 0.37R as the pre-stretch is increased.
All the previous works mentioned above are based on the assumption that the deflection of thin film is much smaller than its dimension (e.g. radius R) so that small deformation approximation can be used. Nadler and Tang (2008) deformation on the decohesion of thin membranes from rigid substrates. Their formulation is based on the fully nonlinear elasticity theory and they numerically solved the deformation of an initially unstretched membrane made of a neo-Hookean material. Interestingly, they found that the critical contact radius for ''pulloff'' instability changes from 0.19R to 0.37R, as the adhesion increases. The lower bound of 0.19R is easy to understand: when adhesion is small, the membrane deflection is small and their result agrees with that of Wan (2001) which is based on linear elasticity. However, for large adhesion, ''pull-off'' occurs when the membrane deflection is large. It is surprising that the same critical contact radius of 0.37R is predicted irrespective of whether the deflection is large or small, as long as the pre-stretch is large for the small deflection case. Our analysis in this paper explains why this has to be the case.
A difficulty in the study of contact mechanics of membranes undergoing large deformation is the nonlinearity of the governing equations. These nonlinearities make analytical solution extremely difficult. Fortunately, asymptotic methods have been developed to analyze membranes undergoing large deformation (Issacson, 1965; Foster, 1967; and Wu, 1979) . In this paper, we extend the method developed by Foster (1967) to study the adhesive contact problem of membranes.
The paper is organized as follows. In Section 2, we summarize the notations and governing equations for the large deformation of axisymmetric membranes. Sections 3 and 4 discuss about the analytical solutions for neo-Hookean material and an I 2 -based material model, respectively. The analytical solutions are made possible by assuming large membrane stretch due to strong adhesion or large pre-stretch. The stability of detachment process and the effect of pre-stretch are also considered. We then compare our approximate analytical solutions with the numerical results. Our results are summarized in Section 5.
Axisymmetric membrane deformation
Geometry of the axisymmetric membrane contact problem is shown in Fig. 1 . A rigid circular flat punch is brought into contact with a circular membrane of radius R, establishing a circular contact region of radius a. The membrane consists of two portions, the free standing portion, which is not in contact with the punch, and the part that is in contact with the substrate. Once contact is established, we assume no slip can occur on the contacting interface. The punch is then pulled downwards with a force F. Before the membrane in contact region is detached, this problem is equivalent to deflecting an annular membrane (Fulton and Simmonds, 1986; Tezduyar et al., 1987; Roxburgh et al., 1995) . At a critical force F c , detachment occurs (see Fig. 1 ).
Cylindrical coordinates (r, /, z) are used to describe the free standing membrane deformation as shown in Fig. 1 . In this section, we assume no pre-stretch. The reference configuration is taken to be the stress free flat membrane which occupies a circular region 0 6 q 6 R in the plane of z = 0. We use the radial coordinate q in the reference configuration as a material coordinate. After deformation, a material point originally at (q, 0) displaces to (r, z). Axisymmetry implies that this mapping is independent of /. Let n denote the arc length measured from the center (r = 0,z = Àd) to the point (r, z) (see Fig. 1 ). Also, letñ denote the unit normal vector on a deformed membrane element.
Due to axisymmetry, the two principal stretch ratios are
The stretch k n is along the arc length n direction and thus is referred to as the longitudinal stretch. Similarly, k / is the latitudinal stretch since it is along the normal direction of the r-z plane. In this paper, we consider membranes made of incompressible materials, which implies that the stretch ratio in the thickness direction is 1/(k n k / ). As shown in Fig. 1 , T n and T / are the longitudinal and latitudinal tension acting on a deformed membrane element, respectively. To relate the tensions to the stretch ratios, we adopt the nonlinear membrane theory by Green and Adkins (1970) , where a local plane stress condition was assumed for every area element of the membrane. The Lagrange multiplier to enforce incompressibility constraint can be determined using the condition that the normal stress component in the thickness direction vanishes. Consequently, the tensions are related to the stretch ratios k n and k / through
where h 0 is the thickness of the undeformed membrane and W is the elastic energy density function of the membrane material (Libai and Simmonds, 1998) . For isotropic incompressible hyperelastic materials, it can be shown that
where I 1 and I 2 are related to the two principal stretch ratios by
In continuum mechanics literature, I 1 and I 2 are usually defined as the first and second invariant of the Cauchy-Green tensor. Since membranes cannot sustain compression, both tensions need to be positive to prevent membrane wrinkling. The equilibrium equations for a membrane element in the deformed configuration can be found in Libai and Simmonds (1998) ; they are:
where r 0 = dr/dn, n is the arc length of the cross section curve of the deformed configuration and p denotes the normal traction (alongñ, see Fig. 1 ) on a deformed membrane element. For example, if the membrane is subjected to a uniform pressure alongñ, p is a constant throughout the membrane and is given by the magnitude of the applied pressure. It should be noted that the equilibrium Eq. (6) assumes zero tangent traction on the membrane element. Substituting (6) into (7) results in
As shown by Foster (1967) , if p is a constant (e.g. uniform applied pressure), (8) implies
where C is an integration constant. Eq. (9) is valid for any material model as long as the applied pressure is constant. In our case, the pressure acting on the free standing membrane in Fig. 1 is zero, so (9) reduces to
Neo-Hookean material
In this section, we consider membranes made of incompressible neo-Hookean material which is the simplest hyperelastic material model. This model was first proposed by Treloar (1943) , and has the following elastic energy density function
where l is the small strain shear modulus.
Regime of very large stretch
We consider the regime of very large membrane stretch where k n k / ) 1. Such a situation can occur when the adhesion is strong, resulting in large deflection before detachment. Using (3), (5) and (11), the membrane tensions are:
Assuming that at least one of the stretches are sufficiently large so that k
Eq. (13), together with (7) and (10), implies that
where C is the unknown integration constant in (9) and (10). Eq. (14) describes the deformed shape of the free standing portion of the membrane and can be solved in closed form. Details are given in Appendix A. Here we list the main results. The deformed free standing membrane profile is
where d > 0 is the membrane deflection or the displacement of the rigid punch. The longitudinal tension T n is
Interestingly, we found that the latitudinal stretch ratios is
everywhere in the free standing membrane. This result and (13) show that T n ) T / . Also, since k / = 1, the longitudinal stretch outside the contact zone is given by
where T n is given by (16). Note that, as long as k n ) 1, the conditions k 4 n k 2 / ) 1 and k 2 n k 4 / ) 1 are satisfied in the free standing portion of the membrane.
Energy release rate and stability of membrane detachment
Membrane detachment does not occur during retraction of punch as long as the energy release rate of the contact line, G, is less than the work of adhesion of the interface. The condition of detachment is
where G is the energy release rate of the contact line and W ad is the work of adhesion of the interface. The energy release rate of the contact line for a hyperelastic membrane was obtained in our earlier work (Long et al., 2010) . It is
where h is the contact angle (see Fig. 1 ) and W is the elastic energy density function of the membrane. Note that in general there is a jump in longitudinal stretch ratio k n across the contact line whereas the latitudinal stretch ratio k / is continuous by definition (see Eq. (2)). In (20), k þ n and k À n denote the longitudinal stretch ratio as the contact line is approached from outside and inside the contact line, respectively. Similarly, T þ n denotes the longitudinal tension right outside the contact line.
Using (16) and (18),
The contact angle can be computed using dz/dr = tan h at the contact edge (z = Àd). Using (15), the contact angle is given by
Eq. (22) implies that
Note that the contact angle h cannot exceed p/2 in (22).
Since there is no pre-stretch and the contacting surfaces cannot slip, the membrane is not stretched inside the contact region, that is, k À n ¼ 1 and k / = 1. These conditions, together with (20), (21) and (23), leads to the following expression for energy release rate:
Combining (19) and (24), detachment occurs when
Note that the work of adhesion W ad can be a function of contact radius a if the interface is inhomogeneous. For a given applied displacement d, the vertical force F acting on the rigid punch is
where T þ n in (26a) is given by (21). Eq. (26a) shows that, even though the governing equations are nonlinear, the force acting on the punch is directly proportional to the punch displacement d. The critical applied force to initiate detachment is determined by setting
The detachment process is said to be stable if an increase in punch displacement is needed to reduce the contact radius, i.e., @ d c /@a < 0.
Using (25) and assuming that the work of adhesion is a material constant, we found
Eq. (27) states that @d c /@a < 0 when ln (a/R) + 1 > 0 or a > R/e, where e is the Euler's number. In other words, the necessary and sufficient condition for stable detachment is a > R/e. This condition shows that a ''pull-off'' instability occurs at the contact radius where d c reaches maximum, i.e., when a m = R/e % 0.368R. The discussion above assumes that membrane detachment occurs in a displacement controlled test. This condition is not always satisfied in practice. Usually the punch is actuated by a loading machine with a finite stiffness k; as a result, the membrane deflection d is equal to the load point displacement D minus the displacement of the loading train, F/k, where F is the total vertical force acting on the punch given by (26a). Specifically,
For finite machine stiffness, the stability of membrane detachment is determined by finding the variation of critical displacement D c with respect to contact radius a. Using (25) and (28), we obtain
The case of a displacement controlled test corresponds to an infinitely stiff machine, i.e., k ? 1. For this case, (29) reduces to (27) and the ''pull-off'' instability occurs at a m % 0.368R. However, if the loading machine has a finite stiffness, then the critical contact radius for ''pull-off'' will increase and is given by
In (30), the critical contact radius a m may be larger than the membrane radius R if k is less than the critical stiffness k cr , i.e.,
Since the contact radius cannot exceed R, pull-off occurs once detachment starts at the initial contact edge if k < k cr . In particular, test conducted under force control is always unstable since lh 0 / k ? 1.
Effect of pre-stretch
Our analysis above assumes that the reference configuration is stress free. In many applications, the membrane in its flat state is under equi-biaxial tension. In this section, we include pre-stretch in our analysis. We assume that the circular membrane in the reference configuration is already subjected to an equi-biaxial stretch k p > 1. To be consistent with previous notations, we will use the prestretched flat membrane as the reference configuration so that the longitudinal and latitudinal stretch ratios are still given by k n and k / . Because of pre-stretch, the stretch ratios corresponding to the stress free state are:
The relation between the membrane tensions and the principal stretches (12) are modified to give
Eq. (33) shows that there are two situations where (13) It is important to note that, for the case of k p ) 1, our analysis in Section 3.1 is valid even if the deflection of the membrane is small (i.e., k / , k n ffi 1). Following the procedures given in Section 3.1 and Appendix A, we found that Eqs. (15)- (18) and (26a) are still valid for k p > 1. However, the energy release rate differs from (24) since the membrane is pre-stretched. The energy release rate for this case is
Comparing Eq. (34) with (24), it is seen that pre-stretch reduces the energy release rate and hence increases the critical deflection for detachment (e.g. compare (25) with (35) below). Using (34), the critical deflection for detachment is found to be
One can readily extend our analysis on detachment stability to the pre-stretch case. A straightforward calculation shows that prestretch k p has no effect on detachment stability in the large stretch regime. Under displacement control, the ''pull-off'' instability still occurs at a m % 0.368R regardless of the pre-stretch. Also, the contact radius at ''pull-off'' given by (30) is still valid for the case of prestretch.
Comparison with numerical results
To study the range of validity of our approximation solution, we numerically solved the governing equations that can be found in Long et al. (2010) . Here we list the governing equations for completeness (the applied pressure is set to zero in our case): Fig. 2 . Normalized force F/lh 0 versus normalized deflection d/R for a fixed contact radius a = 0.5R. The solid lines are obtained using numerical results with pre-stretch k p being 1, 1.05 and 1.3. The dashed line is given by our approximate solution (26a).
dz dq
In Eqs. (36)- (39), a is the angle between the longitudinal tangent of the free standing membrane and the radial direction (see Fig. 1 ).
At the contact edge, a(r = a) = h. Recall that q is the radial coordinate in the reference configuration. For neo-Hookean materials, the membrane tensions T n and T / are given by (12) or (33) if the membrane is pre-stretched. We first consider the case where no detachment occurs, that is G < W ad and the rigid punch is retracted at a fixed contact radius. No-slip condition is assumed within the contact region. The following boundary conditions are used to supplement the governing Eqs. (36)- (39):
Given the membrane deflection d, the governing equations for membrane deformation (36)- (40) can be solved using the boundary value problem solver in MATLAB (MathWorks Inc.). Fig. 2 plots the numerical results of the applied force versus membrane deflection. Consistent with our approximate solution (26a) (dashed line in Fig. 2 ), our numerical result shows that the force increases linearly with deflection, as long as the condition d P R is satisfied. For deflections less than R, Eq. (26a) overestimates the force. However, if pre-stretch is included (e.g. a 30% pre-strain or k p = 1.3), Fig. 2 shows that our analytical solution works well even in small deflection regime. The deformed membrane profile and stretch ratios are plotted in Figs. 3 and 4 respectively. Fig. 3a shows that the membrane profile predicted by (15) is surprisingly accurate for displacement as small as d/R = 0.2. This result, together with the result in Fig. 2 , which shows that the retraction force deviates significantly from our approximate theory for d/R = 0.2, suggested that the retraction force is very sensitive to the deformed shape. Figs. 3 and 4 support our claim that pre-stretch makes our approximate solution uniformly valid (i.e., it works irrespective of the amount of deflection).
Next we numerically solve the relation between punch displacement and contact radius during detachment. The normalized work of adhesion W ad /lh 0 is assumed to be a constant. Since the membrane deflection d to detach the membrane is not known apriori, we replace the condition z(q = a) = Àd by the detachment criterion (19) and compute the energy release rate G using (20). Fig. 5a plots the critical deflection to detach a membrane without prestretch, d c /R, versus the contact radius. Our solution (35) is in good agreement with the numerical results as long as W ad /lh 0 P 10. Fig. 5b shows that, with a pre-strain of 30% (k p = 1.3), (35) agrees with numerical results even if adhesion is small.
A class of I 2 -based material models
The previous section focused on neo-Hookean model, where the elastic energy density W is proportional to I 1 . In general, the elastic energy density of an incompressible isotropic hyperelastic solid depends on both the first and second invariant of the CauchyGreen tensors, I 1 and I 2 , as shown in (4). A well-known example is the Mooney-Rivlin model where the elastic energy density is:
where l is the small strain shear modulus, C 1 is a material constant (0 6 C 1 6 1) and I 1 and I 2 are given in (5). In case of very large stretch where the two principal stretch ratios become much larger than 1, the second term in (41) dominates over the first one. This feature motivates us to consider a class of incompressible elastic solids whose energy density functions are independent of I 1 , i.e.,
where w is any smooth monotonically increasing function of I 2 . A special example is given by setting C 1 = 0 in the Mooney-Rivlin model. This class of materials is named I 2 -based materials hereafter.
A pre-stretched I 2 -based membrane
Without loss in generality, we consider the case of a prestretched I 2 -based membrane -that is, an equi-biaxial pre-stretch k p is applied on the membrane. As in Section 3.3, we use the prestretched flat membrane as the reference configuration and denote k n and k / as the stretch ratios with respect to the pre-stretched circular membrane. The stretch ratios corresponding to the stress free state are k Ã n and k Ã / , which are given by (32). The membrane tensions are
where I 2 is given by
In the limit of large stretch, that is,
I 2 in (44a) can be approximated by
Let k A denote the area stretch ratio with respect to the reference configuration, i.e., k A = k n k / ; we have
A . Combining (43) and (44b), we found
where f(I 2 ) dw/dI 2 . Eq. (45) shows that in the limit of large stretch, the membrane is under equi-biaxial tension which depends only on the area stretch ratio k A = k n k / and the pre-stretch k p . Substituting (45) into the equilibrium equation (6), we found that the membrane forces are spatially uniform in the free standing membrane, i.e.,
The area stretch ratio k A = k n k / is also spatially uniform since T is a monotonic increasing function of k A . As will be shown below (see (50b,c)), the individual principal stretch ratios k n and k / need not be constant. The equi-biaxial tension state for this class of material is independent of boundary conditions and significantly simplifies the membrane solution. Note that validity of (46) is confined in the region where the membrane profile is smooth. For example, if a point force is applied to the membrane, causing an abrupt change of membrane profile, there may be a jump in membrane tension across the point force.
The equi-biaxial tension condition (46) and the equilibrium equation (7) allow us to obtain an approximate solution for the membrane deformation. Details of the derivation are presented in Appendix B. Here we summarize the results. The membrane deflection d is related to the contact angle h by
Eq. (47) is independent of the pre-stretch ratio k p as well as the strain hardening behavior which is specified by f in (46). Because it is difficult to analytically invert (47) and express the contact angle h as a function of the punch displacement d, we use the contact angle h to characterize the membrane deformation instead of d. The deformed profile of the free standing membrane is
where n is the arc length along the deformed membrane (see Fig. 1 ) and lies within the interval indicated in (48). The uniform area stretch ratio k A in the free-standing membrane is
The two principal stretches are found to be
where r and k A are given in (48) and (50a) respectively. Eq. (50a), together with (45), determine the membrane tension T and the force F exerted by the punch on the membrane for a given contact area. The force F is
Validity of approximation solution
To examine the validity of the approximation solution obtained above, we first plot the membrane deflection or punch displacement d as a function of the contact angle h in Fig. 6a , as predicted by (47). Recall that for a neo-Hookean membrane, the contact angle can not exceed p/2. This is not the case for I 2 -based membranes. The curves in Fig. 6a show that the contact angle can easily exceed p/2, which suggests an hourglass membrane profile with a necked region (see Fig. 6b ). This has also been observed by Tezduyar et al. (1987) in their numerical results. Furthermore, for a fixed contact radius a, Fig. 6a shows that d has a maximum d max . This result is unphysical, since one should be able to impose any displacement on the rigid punch if adhesion were infinitely strong. The cause for this unphysical prediction is revealed in Fig. 6b , which shows the membrane profile predicted by (48) and (49) for large contact angle h. Notice that the minimum of r on the free standing portion of the membrane, r min , is not achieved at the contact edge (see Fig. 6b ). This feature occurs for all h > p/ 2. As a result, the latitudinal stretch ratio k / is found to be less than 1 near r min (as low as 0.65 in the inset of Fig. 6b ). Since k / can be less than 1, the condition k n ) 1 may not be sufficient to satisfy (44b), which is the basis of our approximation solution in (47) (48) (49) (50) (51) . Recall for the case of neo-Hookean membrane, k / = 1 when k n ) 1 so there is no difficulty in obtaining (13).
Eq. (44b) implies that our approximation is valid if and only if
Note that Eqs. (50a-c) implyq = q(a, h, n), that is, q is a function of the contact radius a, the contact angle h and the deformed cross-sectional arc length n of the membrane (see Fig. 1 ). It is important to note that in the absence of pre-stretch, Q = q. Because the pre-stretch is raised to the sixth power, even a small increase in pre-stretch can have significant effect on the validity of our approximation. Since the pre-stretch k p is a scaling factor, we can study the dependence of q min ða; hÞ min
on a and h. The notation min n q denotes the minimum value of q as a function of n in the free standing portion of the membrane (with a and h fixed). The range of n is specified by (48). Fig. 7 plots q min (a,h) versus h for three different values of a, using Eqs. (50a-c). This figure shows that for a/R < 0.5, the condition Q = q ) 1 is not satisfied for k p = 1. Therefore, the condition k n ) 1 cannot guarantee the validity of our approximate solution since k / < 1. Pre-stretch is necessary for the approximation solution to be valid. Another way of looking at the effect of pre-stretch is to convert the condition in (52) to
It is clear that increasing pre-stretch is equivalent to lowering the value of 1=k 6 p and thus makes (53b) easier to satisfy. For example, when k p = 1.35, Fig. 7 shows that (53b) is valid even for small contact angle (or small membrane deflection). However, since q min (a, h) ? 0 as the contact angle approaches p (see Fig. 7 ), our approximation solution will inevitably break down in this regime (see Section 4.4 for further discussions).
Energy release rate for large pre-stretch
Using (20), the energy release rate is For the Mooney-Rivlin material with C 1 = 0 (see Eq. (41)), (54a) reduces to
with k A given in (50a). Note that, in contrast to a neo-Hookean membrane, the energy release rate G of an I 2 -based membrane increases with pre-stretch. This increase in G is significant, since it is proportional to the square of the pre-stretch. As a result, the critical displacement for membrane detachment decreases with pre-stretch (see (58) below). For large pre-stretch k p ) 1, the approximation in (44b) is accurate even for small deflection d. Next we consider the case of small deflection d and contact angle h while the pre-stretch is sufficiently large so that the approximation (44b) is valid throughout the free standing portion of the membrane. For small h, (47) and (50a) reduces to
Since k A is close to 1, we can use the following approximation:
Substituting (55) and (56) into the energy release rate expression (54a) and keeping the lowest order term, we obtain
We use (57) to study the stability of detachment under displacement control. Using the detachment criterion (19), the critical membrane deflection for detachment, d c , is found to be
The ''pull-off'' instability occurs at dd c /da = 0 or a m = R/e, assuming a constant work of adhesion, and is independent of the pre-stretch. Note that the radius at which this instability occurs is the same as a neo-Hookean membrane. This result can be readily extended to account for machine stiffness (see Section 3.2). For small deflection, the applied force is (keeping lowest order term in d)
The total displacement D is
where k is the stiffness of the loading machine. The critical total displacement for detachment D c is
The contact radius for ''pull-off'' instability is
If a m > R, ''pull-off'' instability occurs for any initial contact radius.
Recall that, for a neo-Hookean membrane, pre-stretch has no effect on the detachment stability, i.e., the critical contact radius a m is always given by (30), regardless how large the pre-stretch k p is. However, for I 2 -based materials, (62) shows that the critical contact radius a m increases with pre-stretch k p , except for the case where k ? 1, i.e., a displacement controlled test.
Comparison with numerical results
In this section, we present numerical results to determine the range of validity of our approximate analytical solution. All calculations are carried out using the simplest I 2 -based material, where w(I 2 ) is a linear function of I 2 (or a Mooney-Rivlin material with C 1 = 0, see Eq. (41)). For this case, the membrane tensions T n and T / are given by (43), with dw/dI 2 equals 1/2. Numerical results are obtained by solving Eqs. (36)- (39) with boundary conditions given by (40) .
We first present the relation between membrane deflection d/R and the contact angle h. It was shown in Section 4.2 that our analytical solution predicts a maximum membrane deflection at large contact angles. This unphysical feature was attributed to the breakdown of our assumption (44b). To explore this result further, we plot the numerical results of d/R versus h in Fig. 8a . In the absence of pre-stretch (k p = 1), our analytical solution (47) deviates significantly from our numerical results which shows correctly that d/R increases monotonically with h. However, if a sufficiently large pre-stretch is applied to the membrane, our analytic solution (47) becomes more accurate. This is to be expected from our discussion in Section 4.2, which is also supported by our numerical results in Fig. 8a , where we plot the punch displacement d versus the contact angle for the case of k p = 1.35 and 1.5. For these prestretches, both analytical and numerical solutions show the existence of a maximum displacement. However, the numerical solution shows that this maximum is a local maximum, since d first rises to a peak at A, then decreases to a local minimum at B and then starts to increase (see inset of Fig. 8b ). Our numerical result shows that there is a bifurcation of solution at A. Since the branch of the curve between AD is unstable, the solution will jump from A to D in a displacement controlled test as indicated by the arrow in the inset of Fig. 8b . The membrane profiles corresponding to A and D for k p = 1.35 and a/R = 0.5 are shown in Fig. 8b . Note the formation of a neck at r = r min . Fig. 8b shows that the free standing portion of the membrane suddenly increases its contact angle without changing the contact radius. This increase in contact angle pinches the membranes at r = r min , making the neck narrower. For obvious reason, we call this instability a ''pinching'' instability. For sufficiently large pre-stretch, an accurate estimate of when the ''pinching'' instability occurs can be obtained by finding the maximum of d in (47). Note that the membrane may wrinkle along the latitudinal direction after ''pinching'', since k / becomes much smaller than 1 near the neck and T / may not be positive there. To explore the membrane deformation after wrinkling, one can apply tension field theory (Libai and Simmonds, 1998) or relaxed strain energy method (Pipkin, 1986) , which is not pursued in this paper.
Our calculations show that there is good agreement between the analytical solution and the numerical result before the peak displacement (see Fig. 8a ). The accuracy of our analytic solution improves with increasing pre-stretch. Fig. 9a and b compare the deformed profile and the stretch ratios for d/R = 0.8, a/R = 0.5. The dotted lines in these figures are analytical solutions. However, our analytical solution will eventually break down and deviates from the numerical result near the peak displacement.
A natural question is what happens to the pinching instability if the membrane has a work function that depends on both I 1 andI 2 . A simple material with both features is the Mooney-Rivlin model defined by (41). Intuitively, we anticipate that the membrane deformation should lie between the case of a neo-Hookean material (C 1 = 1) and an I 2 -based material (C 1 = 0). To confirm this hypothesis, we numerically solved the membrane deformation for a/R = 0.5 using different values of C 1 : 0.01 6 C 1 6 0.8. The curves of membrane deflection versus contact angle for different C 1 are plotted in Fig. 10 . As expected, Fig. 10 shows that the ''pinching'' instability occurs when C 1 is small.
Summary
Large deformation of an axisymmetric membrane in adhesive contact with a rigid flat punch is studied in this work. Based on the assumption of large membrane stretch in cases of strong adhesion or large pre-stretch, we obtained approximate analytical solutions for two types of material models: neo-Hookean materials and a class of I 2 -based materials.
For the case of neo-Hookean materials, there are two regimes where our approximate solution is valid. The first is to have very large deflection (i.e., d/R P 1) for small or no pre-stretch and the second is to impose a large pre-stretch ratio (k p ) 1). In the second case, our approximate solution is uniformly valid irrespective of the amount of deflections. Closed form expressions are obtained for membrane stresses and energy release rate. We show that the contact angle cannot exceed p/2. In addition, we used this solution to study the effect of machine stiffness on pull-off. Our zero pre-stretch solution is valid only for large deflection and therefore complements existing solutions which are valid in the small deflection regime.
As mentioned in the introduction, Wan and Dillard (2003) studied the effect of pre-stretch on membrane detachment stability and showed that under displacement control ''pull-off'' occurs at a = 0.19R for zero pre-stretch. This critical contact radius approaches 0.368R for large pre-stretch. Their analyses were based on linear elasticity and small deflection. Our neo-Hookean result shows that ''pull-off'' always occurs at a m % 0.368R under displacement control regardless of the amount of deflection, as long as a large pre-stretch (k p ) 1) is imposed. In the case of zero pre-stretch, ''pull-off'' can also occur at a m % 0.368R under displacement control if adhesion is strong enough so that the membrane can undergo large deflection before the onset of detachment. This particular result was also observed by Nadler and Tang (2008) in their computation.
For I 2 -based materials, our solution predicts that in a displacement controlled test, the ''pull-off'' instability of a pre-stretched membrane at small deflection can occur at a % 0.368R -similar to the case of a neo-Hookean membrane. However, because our approximate solution is only applicable to pre-stretched membranes subjected to small and moderate deflections, it has a limited range of validity. For pre-stretched membranes, the breakdown of our approximate solution is caused by the existence of a ''pinching'' instability, where the free standing membrane suddenly increases its contact angle and necks. A consequence of this pinching instability is that the neck in Fig. 8b can collapse when r min is sufficiently small (%nm) to activate surface interaction (e.g. van de Waals) -a feature that is not in our model.
A key result in this paper is the analytical expression of energy release rate G in large deformation regime (see Eqs. (34) and (54b)). A similar expression was obtained by Williams (1997) in a comprehensive study based on small deflection theory and average membrane tension and strain. Amongst the different geometries studied by Williams (1997) , the energy release rate G for a flat punch indenting on a membrane was given by Eq. (25), which can be rewritten in the following form:
where F is vertical force acting on the punch, d is the punch displacement and a ¼ a=R. This result of Williams (1997) is particularly useful in experiments since often F and d can both be directly measured. In addition, although pre-stretch was not explicitly considered in Williams (1997) , its effect may be included in the applied force term F in Eq. (63). Fig. 11 compares the normalized energy release rate pGR 2 /Fd obtained by Williams (1997) (Eq. (63) ) to our energy release rate expressions for neo-Hookean material (NH: Eq. (34)) and Mooney-Rivlin material with C 1 = 0 (MR: Eq. (54b)). Significant deviation is evident from Fig. 11a for large deflection (d/ R = 0.3) and no pre-stretch (k p = 1). The relative deviation, as defined by jour result À Williams 0 resultj / Williams' result, can be as large as 44% for NH model and 51% for MR model. For small deflection (d/R = 0.1) and large pre-stretch (k p =1.3), the difference is much smaller, as shown in Fig. 11b . The relative deviation is less than 15% for NH model and less than 25% for MR model. This is to be expected since this regime satisfies the small deflection condition in Williams (1997) as well as the large stretch condition in our method.
Our analysis demonstrates that many interesting features of membrane contact depend on the constitutive behavior of the membrane material in the large deformation range. For example, the energy release rate of a neo-Hookean membrane decreases with pre-stretch whereas the energy release rate of an I 2 -based membrane increases with pre-stretch. For a neo-Hookean membrane, the latitudinal stretch k Ã / is spatially uniform and equals the pre-stretch. In contrast, the biaxial tension and area stretch ratio is spatially uniform in I 2 -based pre-stretched membranes. Our analysis detects a pinching instability at high contact angles which is not possible in a neo-Hookean membrane since the contact angle of a neo-Hookean membrane can never exceed p/2. These results suggest that it may be of interest to study a wider class of constitutive models to better understand the contact mechanics of membranes subjected to large deflection. Note that the second condition in (A1.7) is due to the no slip assumption. Substituting (A1.8) into (A1.6) gives the vertical position of the deformed membrane:
z ¼ d lnðq=RÞ lnðR=aÞ R P q P a:
ðA1:9Þ
The unknown constants A and B in (A1.3) can be obtained using the boundary conditions z ¼ 0 at r ¼ R and z ¼ Àd at r ¼ a: ðA1:10Þ
They are found to be:
A ¼ R and B ¼ 0: ðA1:11Þ Substituting (A1.11) into (A1.3), we obtain the shape of the deformed free standing membrane, as shown in Eq. (15). The longitudinal tension in the free membrane is obtained by combining (10), (15) and (A1.8). After some straightforward calculations, we obtain Eq. (16).
To determine the stretch ratios in the free standing membrane, we need the relation between the reference radial coordinate q and the deformed radial coordinate r outside the contact circle, which can be determined by substituting (A1.9) into (15). This results in q = r. Therefore r ¼ q () k / ¼ 1
ðA1:12Þ
everywhere in the membrane. Since k / = 1, the longitudinal stretch k n outside the contact zone is given by Eq. (18).
